This paper gives some new results on mutually orthogonal graph squares (MOGS). These generalize mutually orthogonal Latin squares in an interesting way. As such, the topic is quite nice and should have broad appeal. MOGS have strong connections to core fields of finite algebra, cryptography, finite geometry, and design of experiments. We are concerned with the mutually orthogonal half starters method to construct the mutually orthogonal graph squares for disjoint union of paths.
Introduction
In this paper, we investigate the mutually orthogonal graph squares (MOGS) of the complete bipartite graphs. MOGS have strong connections to core fields of finite algebra, cryptography, finite geometry, and design of experiments. To describe the many constructions for sets of MOGS, we must begin with covering the basic definitions for the graph squares (see also [1] ).
Definition 1 Let G be a subgraph of K n,n with n edges. A square matrix L of order n is a G-square if every element in Z n occurs exactly n times and the graphs G i where i ∈ Z n with E(G i ) = {(x, y) : L(x, y) = i} are isomorphic to G. It is clear that the G-square represents the edge decomposition of K n,n by G.
Definition 2
The two graph squares have the property that, when superimposed, every ordered pair occurs exactly once. Thus the squares are orthogonal. A set of graph squares L 1 , . . . , L k is mutually orthogonal, or a set of MOGS, if L i and L j are orthogonal for every 1 ≤ i < j ≤ k.
The i-translate of G is defined as follows if G is a subgraph of the complete bipartite graph K n,n , and i ∈ Z n , then the graph G + i with the edge set
The length of the edge e = (p, q) ∈ E(G) is defined by d(e) = q − p where the sums and differences are calculated modulo n. For the graph G if |E(G)| = n and the lengths of all edges in G are mutually distinct and equal to Z n , then the graph G is said to be a half starter w.r.t. Z n . In [1] , El-Shanawany has proved the following Theorem.
Theorem 3
The union of all translates of G forms an edge decomposition of K n,n , i.e. A half starter G will be represented by the vector v(G) = (v 0 , v 1 , . . . , v n−1 ) ∈ Z n n where v i , i ∈ Z n and (v i ) 0 is the unique vertex ((v i , 0) ∈ Z n × {0}) that belongs to the unique edge of length i in G where the edge set of G is
Now we can say that, since every half starter G having n edges with all its translates give an edge decomposition of K n,n by G (G-square), then from a set of k mutually orthogonal half starters, we can get a set of k mutually orthogonal graph squares.
Example 4
We have three mutually orthogonal half starters (G ∼ = P 4 ∪ 2P 2 ) and their translates are shown in the following table. new results on mutually orthogonal graph squares (MOGS). These generalize mutually orthogonal Latin squares (MOLS) in an interesting way. For a survey on MOLS, see [2] . The results in [3] [4] [5] [6] motivated us to consider the MOGS for the disjoint union of paths.
Main Results
Theorem 5 Let n ≥ 5 be a prime. Then N (n,
Proof. For k ∈ Z n−2 , let G k be subgraphs of K n,n with n edges. Define the (n − 2) half starter vectors as follows, for k = 0, we have
Firstly, our task is to prove the orthogonality of G 0 and G k , k ∈ Z n−2 \{0}, we have
We conclude from (1) that G 0 and G k , k ∈ Z n−2 \{0} are orthogonal. Secondly, our task is to prove the orthogonality of G r and G s where r = s and 1 ≤ r, s ≤ n − 3, we have
We conclude from (2) that G r and G s are orthogonal. Hence, the half starters G k , k ∈ Z n−2 are mutually orthogonal. It remains to prove the isomorphism of the half starters G k , k ∈ Z n−2 . From the vectors of these half starters, for each half starter, there are (n − 2) pendant vertices and one vertex with degree two in each independent set of K n,n . In the following two Theorems 6 and 7 we retrieve the previous result by new techniques.
Theorem 6 Let n ≥ 5 be a prime. Then N (n, P 4 ∪ (n − 3)P 2 ) ≥ (n − 2).
Proof. Let G k be subgraphs of K n,n with n edges. Define the (n − 2) half starter vectors as follows, v i (G j ) = i n−1 + (j + 1)i; i ∈ Z n , j ∈ Z n−2 . Our task is to prove the orthogonality of the n − 2 half starter vectors, let k, l ∈ Z n−2 and k = l, then
It remains to prove the isomorphism of the n−2 half starters. From the vectors of these half starters, for each half starter, there are n − 2 pendant vertices and one vertex with degree two in each independent set of K n,n .
Theorem 7 Let n ≥ 5 be a prime. Then N (n, P 4 ∪ (n − 3)P 2 ) ≥ n − 2.
Proof. We have n − 2 half starter vectors defined by v(G i ) = (0, i + 2, 2i + 3, 3i + 4, 4i + 5, . . . , (n − 1)i) where i ∈ Z n−2 . Our task is to prove the orthogonality of the n − 2 half starter vectors, let k, l ∈ Z n−2 , and k = l, then
It remains to prove the isomorphism of the n − 2 half starters. From the vectors of these half starters, for each half starter, there are n − 2 pendant vertices and one vertex with degree two in each independent set of K n,n . Now, we introduce the following Corollary to construct 4 mutually orthogonal 2P 4 ∪ 5P 2 -squares and then a Conjecture.
Proof. We have 4 half starter vectors defined by v(G i 2 −α ) = (0, i, 2i + 2, 3i + 3, 4i + 4, 5i + 5, 6i + 6, 7i + 7, 8i + 8, 9i + 9, 10i + 9) where i = 0, 2, 6, 8, α = 0 if i = 0, 2 and α = 1 if i = 6, 8. Our task is to prove the orthogonality of the four half starter vectors, let k, l ∈ {0, 2, 6, 8}, and k = l, then
It remains to prove the isomorphism of the four half starters. From the vectors of the four half starters, for each half starter, there are 7 pendant vertices and two vertices with degree two in each independent set of K 11,11 .
Conjecture 9 N (mx + ny, mP x+1 ∪ nP y+1 ) ≥ 4, where mx + ny is a prime number. Now, we introduce the following Corollary to construct 3 mutually orthogonal P 4 ∪ P 5 ∪ 4P 2 -squares and then a Conjecture.
Proof. We have 3 half starter vectors defined by i+2, 2i+4, 3i+6, 4i+1, 5i+4, 6i+7, 7i+10, 8i+2, 9i+5, 10i+8) where i = 0, 1, 4, α = 0 if i = 0, 1 and α = 2 if i = 4. Our task is to prove the orthogonality of the three half starter vectors, let k, l ∈ {0, 1, 2}, and k = l, then
It remains to prove the isomorphism of the 3 half starters. From the vectors of the 3 half starters, for each half starter, there are 7 pendant vertices and two vertices with degree two in one independent set and 5 pendant vertices and 3 vertices with degree two in the other independent set of K 11,11 .
Conjecture 11 N (mx + ny + lz, mP x+1 ∪ nP y+1 ∪ lP z+1 ) ≥ 3, where mx + ny + lz is a prime number.
In the following Theorem, we have MOGS for disjoint union of copies of P 4 and copies of P 2 .
Theorem 12 Let n ≥ 7 be a prime. Then N (n, 2P 4 ∪ (n − 6)P 2 ) ≥ n − 4.
Proof. We have n − 4 half starter vectors defined by v(G i ) = (0, i+3, 2i+6, 3i+9, . . . , (n−3)i+3(n−3), 1+(n−2)(i+3), (n−1)(i+4)) where i ∈ Z n−4 . Our task is to prove the orthogonality of the n − 4 half starter vectors, let k, l ∈ Z n−4 , and k = l, then
It remains to prove the isomorphism of the n − 4 half starters. From the vectors of these half starters, for each half starter, there are n − 4 pendant vertices and two vertices with degree two in each independent set of K n,n .
In the following Corollary, we prove that N (15, H 1 ) ≥ 3 where H 1 is isomorphic to G and E(G) = {(14, j) : j ∈ {0, 3, 10, 13}} ∪ {(11, j) : j ∈ {3, 4, 9, 13}} ∪ {(i, 0) : i ∈ {0, 5, 9}} ∪ {(6, 9), (9, 3), (6, 3), (5, 10)}.
Proof. We have 3 half starter vectors defined by v(G i ) = (0, i + 14, 2i + 11, 3i + 6, 4i + 14, 5i + 5, 6i + 9, 7i + 11, 8i + 11, 9i + 9, 10i + 5, 11i + 14, 12i + 6, 13i + 11, 14i + 14)
where i ∈ Z 3 . Our task is to prove the orthogonality of the 3 half starter vectors, let k, l ∈ Z 3 , and k = l, then
It remains to prove the isomorphism of the 3 half starters. From the vectors of these half starters, for each half starter, there are two vertices with degree four, three vertices with degree two, and one pendant vertex in each independent set of K 15,15 .
Conclusion
In conclusion, we summarize the results of the paper in Table 1. 1-N (n, P 4 ∪ (n − 3)P 2 ) ≥ (n − 2) 2-N (11, 2P 4 ∪ 5P 2 ) ≥ 4 3-N (11, P 4 ∪ P 5 ∪ 4P 2 ) ≥ 3 4-N (n, 2P 4 ∪ (n − 6)P 2 ) ≥ n − 4 5-N (15, H 1 ) ≥ 3 
